In this paper it is presented the model of a multiverse made up of entangled pairs of universes. The arrow of time obtained from the principles of thermodynamics and the arrow of time given by the thermodynamics of entanglement for single universes are analyzed. The latter requires that the single universes expand once they have crossed the quantum barrier at the Euclidean regime. The possible relationship with respect to the grow of local structures in a single universe is also discussed.
I. INTRODUCTION
One of the most exciting and difficult challenges of physics consists of providing a satisfactory explanation of the arrow(s) of time. The difficulties are at least two fold. On the one hand, it must cover all the different arrows of time that are customary considered [1] , i.e. the thermodynamic, the cosmological, the electromagnetic, and the psychological arrows of time. On the other hand, the origin of the arrow of time can be tracked to the very early conditions of the universe, a question which is far from being solved.
Proof of the fascinating character of this problem is the number of papers, conferences and publications that can be found in the literature (for extended reviews, see Refs. [2] [3] [4] , and references therein). Even restricting ourselves to cosmological grounds, the arrow of time has been studied in relation to the large scale expansion of the universe [4, 5] , to the boundary conditions of the universe [1, 6] , in string theory and brane worlds [7] [8] [9] , in inflationary models [10] [11] [12] , and in quantum cosmology [1, [13] [14] [15] [16] .
Needless to say, the vast majority of the references deal with the arrow of time in the context of a single universe (for an interesting exception, see Ref. [17] ). The multiverse, in its wide variety of interpretations (see Ref. [18] ), constitutes a new cosmological paradigm that adds novel features to the universe and, thus, it opens the door to new ways of facing up the problem of the arrow of time. First of all, in the context of a physical multiverse [19] the universe is no longer an isolated system and it must be treated as an open system which interacts with the rest of universes of the multiverse. In particular, classical and quantum correlations can be present in the state of the quantum multiverse. The former would be induced by the existence of wormholes that would crop up and join different regions of two or more universes [19] , and the latter would also exist provided that entangled and other non-classical states can be present in the quantum multiverse [20, 21] .
Furthermore, the boundary conditions of the whole multiverse can be quite different from those imposed on single universes. They may be such that cosmological quantum effects in the form of entanglement between universes would survive the Euclidean barrier and still be present along the whole evolution of a large parent universe [21] . In quantum information theory, an arrow of time in terms of the entropy of entanglement between two correlated systems has already been given in Ref. [22] . Then, the entropy of entanglement between two universes of the multiverse can also supply us with an arrow of time for single universes.
It is not clear yet the relationship between the classical and the quantum arrows of time as well as the relationship between classical thermodynamics and the thermodynamics of entanglement (for recent developments, see Refs. [23, 24] ). An extension of the classical laws of thermodynamics would be expected that account for both classical and entanglement thermodynamics provided that quantum theory is considered a more general framework from which the classical one is recovered as a particular limiting case. Then, the classical and the quantum entropic processes in the multiverse would be related, too.
The formalism of the quantum information theory can be applied in the quantum multiverse [25] . In a third quantization formalism [26] , a well-defined Fock space can be posed for the quantum state of a multiverse made up of universes with high order of symmetry [20] . The universes can be created in correlated pairs as a consequence of the boundary conditions of the multiverse [20, 21] and, then, the quantum correlations between the universes and the thermodynamical properties of entanglement can be computed by using the usual techniques of quantum information theory, in the conceptual context though of a multiverse [21] .
In this paper, we thus present a model of the quantum multiverse in which an arrow of time can be defined both for single universes and for the multiverse itself, within the framework of a quantum information theory of the whole multiverse. We shall take the point of view of Ref. [1] , where the electromagnetic and the psychological arrows of time are consider consequences of the (classical) thermodynamic arrow of time. We would like to notice, however, that the latter might also be related to the quantum thermodynamical arrow of time provided that the brain might be considered as a quantum system, which is currently a matter of investigation (for a discussion on the subject, see Ref. [27] and references therein). Nevertheless, we shall only deal with the thermodynamical, quantum and classical, arrow of time and its relationship with the large scale expansion of single universes.
In Sec. II, we fix the model and impose appropriate boundary conditions to obtain the state of the whole multiverse, in which the universes are created in correlated pairs. The entropy of entanglement is considered in Sec. III as an arrow of time for each single universe and the second(s) principles of thermodynamics, both classical and quantum, are analyzed in the context of the model as well as their relationship with the large scale expansion of the single universes. In Sec. IV we draw some conclusions and make further comments.
II. ENTANGLED PAIRS OF UNIVERSES IN THE QUANTUM MULTIVERSE
Let us consider a multiverse made up of closed Friedmann-Robertson-Walker universes endorsed with a cosmological constant, Λ, and a massless scalar field, ϕ. Cosmic quantum effects in the form of entanglement between the quantum states of two universes can survive the quantum regime and be present in the Lorentzian regime along the whole history of each single universe [20, 21] . Therefore, the homogeneity and isotropic assumptions are justified provided that we are dealing with a multiverse made up of large universes, for instance, of a length scale of order of the Hubble length of our universe.
For such a model of universes, the Wheeler-DeWitt equation, with appropriate units and rescaling the scalar field to absorb unimportant constants, can be written as [28] 
where φ(a, ϕ) is the wave function of the universe and, for simplicity, the factor ordering term has been disregarded [38] in Eq. (1). In the third quantization formalism [20, 21, 26] , the wave function φ(a, ϕ) is promoted to an operator that can be decomposed in normal modes aŝ
, are constant operators that represent the creation and annihilation of universes with an energy density which is proportional to ω 0 . The probability amplitudes, A k (a), satisfy the equation of a harmonic oscillator,
with a time dependent frequency given by, ω 2 k (a) = , the probability amplitudes take the semiclassical form,
where S c (a) ≈ √ Λa 3 , is the classical action. If we otherwise impose the no-boundary condition [32, 33] , the universes created and annihilated byĉ † k andĉ k , respectively, correspond to linear combinations of expanding and contracting branches of the universe and, in the case being considered, the probability amplitudes take the assymptotic form,
However, the creation and annihilation operatorsĉ † k andĉ k cannot properly be interpreted as the creation and annihilation operator of universes in the multiverse because, then, the number of universes of the multiverse, given by the eigenvalue of the operatorN k ≡ĉ † kĉ k , would depend on the value of the scale factor of each single universe. In order to see that, let us notice that the Hamiltonian of the harmonic oscillator that quantum mechanically represents the dynamic evolution (3) of the multiverse reads,Ĥ = 1 2p
and [Ĥ,N k ] = 0, for any mode k. It is not expected that the number of universes in the whole multiverse depends on the value of the scale factor of a particular single universe. Then, the boundary condition of the multiverse that [21] the number of universes does not depend on the value of the scale factor fixes the representation that has to be used. This is given by the Lewis representation [20, 34] , defined in terms of the following creation and annihilation operators,
where, R ≡ R k (a) = φ 2 1 (a) + φ 2 2 (a), with φ 1 and φ 2 being, for each mode k, two linearly independent solutions of Eq. (3) that make real the value of the function R(a) [39] . The Lewis representation given by the operators (5-6) conserves the number of universes in the multiverse, i.e. b † b|N, a = N |N, a , with N = N (a). Thus, it can properly interpreted as representing the number of universes in the multiverse.
In terms of the creation and annihilation operators of the Lewis representation, the decomposition of the wave function (2) turns out to be
with,
and |µ| 2 − |ν| 2 = 1. Thus, the Lewis operators given by Eqs. (5-6) do not represent the creation and annihilation of either an expanding or an equally probable combination of expanding and contracting branches of the universe but a scale factor dependent linear combination of expanding and contracting branches of the universe.
Therefore, the boundary condition of the multiverse that the number of universes does not depend on the value of the scale factor restricts the boundary conditions that can be imposed on single universes.
Moreover, the boundary condition of the quantum state of the multiverse implies that the universes have to be created (or annihilated) in correlated pairs. In terms of the Lewis representation, the Hamiltonian (4) turns out to bê
where, β ± ≡ β ± (a) and β 0 ≡ β 0 (a), are two functions that depend non-trivially on R(a) [20, 21] . The structure of the Hamiltonian (12), with the quadratic terms inb andb † , allows us to interpret that the universes are created in the quantum multiverse in correlated pairs. Then, the entropy of entanglement between two entangled universes can be taken as the arrow of time for each single universe, as we shall see in the next section.
III. ARROW OF TIME FOR SINGLE UNIVERSES
Let us now consider a pair of entangled universes in the mode k (the index will be omitted for clarity). The density matrix that represents the quantum state of such a pair of universes can be written as
where |0 1 0 2 ≡ |0 1 |0 2 , with |0 1 and |0 2 being the ground states of the two entangled universes in their respective Fock spaces, and U S is the squeezing evolution operator given by [21] 
with r(a) ≡ arcsinh|ν p |, and [20, 21, 34] 
The reduced density matrix for each single universe turns out to describe a thermal state given by [21] ,
where, |N ≡ |N 1 (similarly for ρ 2 with |N ≡ |N 2 ), and with,
. The two universes of the entangled pair evolve thus in thermal equilibrium with respect to each other with a temperature,
that depends on the scale factor. This kind of thermal states, which have been obtained from an initial entangled pure state, are similar to those consider by Partovi [35] , in the context though of a quantum multiverse. Following a parallel reasoning to that made in Refs. [22, 35] , the two thermal state of each single universe, given by Eq. (17) , are locally indistinguishable from classical thermal mixtures. Let us notice that, in the context of the quantum multiverse, by local we mean anything that happens in a single universe, i.e. everything that we can observe. Therefore, for any observer the state of the universe appears classical and its state corresponds to a classical mixture. Furthermore, the thermal equilibrium between the two universes of the entangled pair is a stable configuration and any departure from such a configuration turns to return to it [22] .
As it is pointed out in Ref. [22] , the quantum thermodynamic behaviour of the states given by Eq. (17) can be quite different from the classical one. However, we shall show that, at least in the model of the multiverse being considered, both the classical and quantum thermodynamical arrows of time agree in requiring the expansion of the single universes of the multiverse once they have crossed the Euclidean quantum barrier.
Let us first notice that the initial state given by Eq. (13) is a pure state and its entropy is therefore zero. For each single universe, however, there exists a entropy of entanglement given by that turns out to be [21] S ent (a) = cosh 2 r ln cosh 2 r − sinh 2 r ln sinh 2 r. (20) It is a growing function with respect to the squeezing parameter, r. However, the squeezing parameter and the entanglement rate between the universes decrease with respect to growing values of the scale factor, i.e. dSent da < 0 (see Fig. 1 ). The second principle of thermodynamics is still satisfied. Here, we must be careful and point out that, unlike it is sometimes stated [22] , the second principle of thermodynamics does not state that the entropy cannot ever decrease but that it cannot decrease in any adiabatic process. More specifically, it states that the production of entropy, σ, defined as [36] 
can never be negative (σ ≥ 0). In the quantum multiverse it can be checked, with [21] δQ = ω sinh 2rdr,
that σ = 0 for any value of the scale factor. Then, the second principle of thermodynamics is strictly satisfied for any expansion or contraction rate of the universe and, thus, it imposes no restriction on the expansion (or contraction) of single universes. However, the expansion of the universe is followed from the second principle of entanglement thermodynamics [37] . In the multiverse, it can be reparaphrased as follows: by local operations and classical communications alone, the amount of entanglement between the universes cannot increase. Let us recall that by local operations we mean in the multiverse anything that happens within a single universe, i.e. everything we can observe. Therefore, the grow of cosmic structures, the particle interactions and even the presence of life in the universe cannot increase the amount of entanglement between the pair of universes provided that all these features are due to local interactions. They should decrease the rate of entanglement in a non-reversible universe, actually.
The amount of entanglement between the pair of universes only decreases for growing values of the scale factor (see Fig. 1 ). Thus, the second law of the entanglement thermodynamics implies that the universe has to expand once it crosses the quantum barrier at the Euclidean regime, becoming then a large parent universe for which the approximations considered in the model are valid. Furthermore, if the classical thermodynamics and the thermodynamics of entanglement were related, it could be followed that the negative change of entropy as the universe expands favours the creation of cosmic structures and other local processes that increase the local (classical) entropy. The decrease of the entropy of entanglement is larger for a small value of the scale factor. Then, the creation of local structures in the universe would be favoured in the earliest phases of the universe, as it was expected. However, the relationship between classical thermodynamics and the thermodynamics of entanglement is not clear yet. If such a relationship were properly established, then, it could be analyzed in more detail the link between the entropy of entanglement between different universes and the production of local entropy in a single universe.
Let us finally notice that the thermodynamical arrow of time has also implications on the boundary conditions that have to be imposed on single universes. The boundary conditions for the probability amplitudes, A k in Eq. (2), have to be chosen in such a way that they represent expanding branches of the universe. The contracting branches that appear in the linear combination of B k (a, ϕ), in Eq. (7), would then rapidly disappear as the universe expands and the entanglement rate between universes decreases, where |ν| → 0.
IV. CONCLUSIONS AND FURTHER COMMENTS
We have presented the model of a quantum multiverse which is made up of pairs of universes whose quantum mechanical states are entangled with respect to each other within a single pair. The state of the whole multiverse is given by the product of pure states of such entangled pairs of universes. Therefore, the entropy of the whole multiverse is zero. It could be said that evolution and time are concepts that have a consistent meaning inside a single universe. Then, it is not expected that the multiverse as a whole posses any arrow of time.
Single universes, however, do have an entropy of entanglement different from zero and they posse therefore a quantum thermodynamical arrow of time. They are represented by thermal states which are locally indistinguishable from a classical thermal mixture. By local, we mean in the multiverse anything that happens within a single universe, i.e. everything we can observe. Thus, any observer of the multiverse would see her universe as it were in a classical thermal state. However, the origin of such a thermal state is essentially of a quantum nature because it has been derived from the entanglement between different universes of the multiverse.
The thermodynamical arrow of time and the arrow of time that is derived from the thermodynamics of entanglement have been studied in the quantum multiverse. The former does not impose any restriction on the expansion of single universes, being such a expansion however demanded by the second principle of the entanglement thermodynamics. Therefore, a single universe should expand once it has become a large universe, far away from the quantum barrier at the Euclidean regime, where the approximations made in the model are valid.
If the thermodynamics of entanglement were properly related to the classical thermodynamics, then, the entanglement arrow of time would favour the grow of local cosmic structures and other physical processes that would increase the amount of local entropy in the earliest stages of a single universe. The thermal state of each single universe is a stable configuration and any departure from it should be small. Thus, the presence of life would be expected in a universe entangled to ours. However, the model is quite simple to precisely account for the creation of local structures and to describe the entropy produced by changes in the configuration of the matter fields of the universe. Nevertheless, it seems clear that the multiverse is a rich new paradigm that impels us to look for novel ways of facing up traditional problems in quantum and classical cosmology.
